Abstract : This paper offers a new approach to the standard General Equilibrium with Incomplete markets (GEI) model (e.g., Duffie and Shaffer, 1985) . First, we prove that the discontinuity problem of the aggregate excess demand in the GEI model can be overcome by defining a new natural metric on the price set. Then, introducing this new metric allows us to give the first definition of an axiomatized GEI model where only the aggregate excess demand of the economy is supposed to be observable, i.e. it is not supposed to result from the utility maximization of the consumers under their budget sets. This axiomatized model is, in some sense, a unification and a generalization of the classical Arrow-Debreu model (1954) and of the GEI model. Third, in this framework, for broad classes of asset structures (for example real, nominal or numeraire asset structures) and without restrictions on endowments, we prove the existence of an approximated equilibrium, which is the limit of a price sequence for which the excess demand converges to 0. This result rests on a new discontinuous generalization of Brouwer's Theorem. We then prove that in the standard GEI model, approximated equilibria are generically equilibria. Thus, our results generalize, simplify and cast new light on the previous approaches on the subject. Moreover, the mathematical tools we introduce could allow to solve some discontinuity problems in Economics.
Introduction
Since Hart's seminal paper (1975) , it is well known that equilibria may fail to exist in the standard GEI model 1 , which is due to a possible discontinuity of the market excess demand at prices for which the rank of the payoff matrix drops. On a technical level, this discontinuity prevents from applying standard fixed point arguments, as it is done in the Arrow-Debreu General Equilibrium model (1954) . With Husseini et al. (1990) , Hirsch et al. (1990) , Geanakoplos and Shaffer (1990) , Duffie and Shaffer (1985) , and Brown et al. (1996) , the principal approach to this problem has been to prove the existence of an equilibrium for almost all characteristics of the economy. More precisely, it is generally proved that for an open and full measure (for the Lesbegue measure) subset of endowments and real asset structures, an equilibrium exists. Yet, this approach raises several questions : First, the generic existence of equilibria may be problematic when one wants to apply the comparative statics method to the GEI model. Indeed, changing some parameters of the economy may lead to the nonexistence of an equilibrium.
Secondly, the crux of the matter of these proofs is the existence of a pseudoequilibrium. If J is the number of assets of the economy and V (p) the payoff matrix at price p, then a pseudo-equilibrium is a price p and a J dimensional subspace E, satisfying the two following conditions : (i) Span V (p) ⊂ E and (ii) p is an equilibrium price of the economy obtained by replacing the market subspace spanV (p) with E in the budget constraints of the agents. Beyond the mathematical background required by this existence result 2 , it needs to assume that for every price p and a given abstract market subspace E, the excess demand z(p, E) can be defined.
3 This is the case, for example, when the excess demand is supposed to derive from the utility maximization of the agents under their budget constraints. In particular, as far as we know, there are no existence result in a GEI model for which only the excess demand (as a mapping of price only) and the asset structure are observable.
Third, for a long time, most efforts in the GEI literature have been concentrated on the existence (or nonexistence) problem although it is only one aspect of the more general price formation problem. Quoting Balasko (1988) : "The equilibrium concept makes sense only in relation to some dynamical framework describing the evolution through time of the system under consideration. Furthermore, such a vector field may exhibit asymptotic behaviors that translate mathematically into periodic orbits or even more complex attractor sets which are at least as interesting as stationary points". In particular, an important question in general equilibrium is the existence of a converging price process adjustement. This is related to the existence of a sequence of prices for which the excess demand converges to zero. The (non generic) existence problem of such sequence in the 2 Duffie and Shaffer's proof (1985) involves differential topology on the Grassmannian manifold, Husseini et al.'s proof (1990) algebraic topology, Hirsch et al.'s proof (1990) fiber bundle topological degree, and Geanakoplos and Shaffer's proof (1990) topological degree on manifold. All these proofs require some topological properties of the Grassmannian manifold. The more recent and constructive proof of Brown et al. (1996) does not need such properties, but it also rests on the existence of a pseudo-equilibrium (p, E), E being obtained as a limit of market subspaces of a one-parameter family of economies (e.g., Brown et al., 1996, p.17-18.) . 3 A carefull reading of the existing proofs shows that this point is crucial. Even the constructive proof of Brown, De marzo and Eaves (1996, p.17-18.) explicitely requires it.
GEI model seems to remain an open problem.
In order to solve the previous problems, we propose a more general definition of the GEI model : our economy is characterized by an aggregate excess demand z, which is a mapping of the price only, and which satisfies the classical assumptions of the Arrow-Debreu model : it is bounded below, blows up at the boundary of the price set and satisfies Walras' Law. Besides, it satisfies a new partial continuity assumption, that we called V -continuity, where V is a mapping assigning a matrix of given dimension to each vector price p. More precisely, the aggregate excess demand z will be called V -continuous if for every convergent sequence of full rank prices 4 (p ) ∈IN such that (Span V (p )) ∈IN converges 5 , then the excess demand (z(p )) ∈IN converges. If we think to V (p) as the payoff matrix at price p, then this last definition is economicaly relevant, since it can be related to the following continuity principle : when the full rank price p and the market subspace Span V (p) vary infinitesimally, then the variation of the excess demand is infinitesimal. Notice that the V -continuity assumption is stronger than the continuity of excess demand at every full rank prices, an assumption that would neither guarantee the existence of an equilibrium nor the existence of an approximated equilibrium. But V -continuity is weaker than the global continuity of the excess demand, an assumption that is true in the standard Arrow-Debreu model. Besides, our definition is a generalization of the standard GEI model, since the aggregate excess demand of the GEI model will be shown to be V -continuous, where V is the payoff matrix of the model.
The second important step of this paper is to consider the notion of approximated equilibrium instead of the notion of equilibrium : a price p will be called an approximated equilibrium of our economy if there exists a sequence of full rank prices (p ) ∈IN converging to p and such that (z(p )) ∈IN converges to 0. As we will see, this concept is more general than the full rank equilibrium concept 6 , since the set of full rank equilibria is a subset of the set of approximated equilibria. Besides, these two sets generically (in some sense) coincides. In concrete terms, the previous sequence (p ) ∈IN could traduce the idea of an economic adjustement process, that converges generically to an equilibrium.
The last important step of this paper, that links the two previous notions of approximated equilibrium and V -continuity, is a discontinuous generalization of Brouwer's fixed point theorem. Its variational form says that every inward (in some sense) V -continuous vector field on a closed ball of a Euclidean space has an approximated equilibrium. Applying this theorem to the excess demand of our axiomatized GEI model, it entails the existence of an approximated equilibrium, 4 A price p is said to be a full rank price if V (p) is a full rank matrix. 5 On a technical level, defining this condition only requires to be able to define the distance between two subspaces E and F of a Euclidean space G. This can be done by considering
, where B is the unit closed ball of G and d H the Hausdorff distance between two compact subsets of G. 6 An equilibrium p is said to be a full rank equilibrium ifV (p) is a full rank matrix, where V denotes the asset structure of the model. exactly in the same way that Brouwer's theorem 7 entails the existence of an equilibrium in the standard Arrow-Debreu model.
The method used to prove our discontinuous generalization of Brouwer's fixed point theorem seems to be new in topological fixed point theory. The strategy is to associate to any V -continuous mapping f : B → B a continuous mapping f :B → B, whereB is, in some sense, the blowing up of B at the discontinuity points of f , andf is some extension of f toB. Then we prove that the blowing upB of B can be equipped with a manifold structure, which allows us to prove the existence of an approximated fixed point by topological degree techniques. Actually, we think that the existing methods of proof in incomplete markets models cannot be used to solve our problem 8 . Indeed, as the excess demand of our economy only depends on the price, and since it is not supposed to derive from the utility maximization of the agents, it is impossible to apply directly a tool like pseudo-equilibrium, which cannot be defined in our framework. Similarly, since the excess demand z does not explicitely depend on the market subspace Span V (p), Brown et al.'s trick (e.g., Brown et al., 1996) 9 cannot be applied. The remainder of this paper is organized as follows. In Section 2 is defined the axiomatized economy, characterized by an excess mapping satisfying the Vcontinuity assumption. In Section 3 is defined the notion of approximated equilibrium, and is given the main existence result. Then we prove that this point of view is a generalization of the standard GEI model. The proof relies on a discontinuous generalization of Brouwer's fixed point theorem and its variational form, stated in Section 4.
7 More exactely, Kronecker's theorem, which says that a continuous inward vector field on a closed ball of a Euclidean space has a equilibrium. This is almost immediately equivalent to Brouwer's theorem. 8 Two examples of techniques developed in Economics to solve some discontinuity problems are Reny (1999) or Cromme (1997) . But they cannot be applied in our framework. 9 Brown et al.'s paper gives a path following algorithm which allows to compute equilibria in the standard GEI model. The trick consists in adding a new asset at discontinuity prices in order to restore continuity.
Definition of the economy
We consider 10 a pure exchange economy with a positive number L of commodities. Let
be the set of normalized prices of the L commodities and let denote
++ , we suppose that only the aggregate excess demand of the economy
L is observable, and do not suppose that it derives from the utility maximization of the agents under their budget constraints. Besides, z is assumed to satisfy the following assumptions, that are classically satisfied in the standard Arrow-Debreu model :
In the Arrow-Debreu model, the excess demand mapping z is continuous on S
++ is equipped with the Euclidean metric, the restriction of z to any compact subset of S L−1 ++ is uniformly continuous. This property and properties i), ii) and iii) are sufficient to entail the existence of an equilibrium of z. Yet, the uniform continuity of z on any compact subset of S L−1 ++ needs not to be true in incomplete markets. A reason usually invoked is the discontinuity of the excess demand at prices for which the rank of the payoff matrix drops. Actually, one of the aims of this paper is to propose a new way to overcome this difficulty, in 10 In this paper, if x = (x 1 , ..., x n ) and y = (y 1 , ..., y n ) belong to R n , we denote by x · y = n i=1 x i y i , the scalar product of R n , x = √ x · x, the Euclidian norm. If x ∈ R n and r ∈ R + , we let B(x, r) = {y ∈ R n | x − y < r} and B(x, r) = {y ∈ R n | x − y ≤ r}. If E is a vector subspace of R n , we denote by E ⊥ = {u ∈ R n | ∀x ∈ E, x · u = 0} the orthogonal space to E. If u 1 , ..., u k belong to E, a vector space, we denote by span{u 1 , ..., u k } the vector subspace of E spanned by u 1 , ..., u k . For every x ∈ IR n and for every compact subset K of IR n , we let d(x, K) = min y∈K x − y . We let d H be the Hausdorff distance between compact subsets of IR n . If K and K are two compact subsets of IR n , it is defined as follows :
If V is a Euclidean space and k is an integer such that 0 ≤ k ≤ dim V , we denote by G k (V ) the set consisting of all the linear subspaces of V of dimension k, called the (k-)Grassmannian manifold of V . Then it is known that G k (V ) is a smooth compact manifold of dimension k(dim V − k) and we refer to the Appendix for the properties we shall use hereafter, together with the precise definition of the manifold structure on G k (V ).
a more general setting than usual. The key remark is that continuity depends on the metric defined on S L−1 ++ . In complete markets, it is natural to consider the Euclidean metric, but it is not the case in incomplete markets : in this framework, the metric ought to be able to traduce not only a variation in price, but also a variation in the market subspace, spanned by the assets. Defining such a metric is the aim of the following definition. Let m and k be two positive integers such that k ≤ m and let
where M(m × k) is the set of matrices with m rows and k columns. For example, the mapping V can be seen as the asset structure of the standard GEI model.
where B is the closed unit ball of IR m centered at 0 and d H is the Hausdorff distance between compact subsets of IR m .
We let the reader check that δ is a metric on S L−1
++ . We will prove in the next section that if z is the aggregate excess demand of the standard GEI model, then its restriction to every compact subset of S L−1 ++ , equipped with the metric δ, is uniformly continuous. This property will be defined hereafter as "strong Vcontinuity". Then, we will prove that strong V -continuity, together with i), ii) and iii), entail the existence of an approximated equilibrium, which is an asymptotic notion of equilibrium. Finally proving that approximated equilibra are generically equilibra, it will entail that our model and our existence result is a generalization and an alternative to the the standard proofs of existence of an equilibrium in incomplete markets.
We now formalize the notion of strong V -continuity :
++ (equipped with δ), the restriction of f to K is uniformly continuous.
In the main existence result, we will only need a weaker notion, that we call V -continuity. The gain is that the value of f on {p ∈ S L−1 ++ |rank V (p) < k} will not matter :
We now give a give a more tractable and more geometric formulation of the previous definition. In the following, a price p in S L−1 + will be called a full rank price if rankV (p) = k. It will be called a bad price (or Hart point) if it is not a full rank price. Proof. In the Appendix.
The following proposition, whose proof is also given in the Appendix, provides a link between continuity and V -continuity :
Remark 1 Actually, more precisely, continuity implies strong V -continuity and strong V -continuity implies V -continuity. From Part (ii) of Proposition 2, these three notions coincide if for every p ∈ S L−1
We now give the axiomatized definition of our economy :
satisfying assumptions (i), (ii), (iii) and the following assumption : (iv) There exists m and k, two integers such that k ≤ m, and a smooth mapping
The economy E(z) is said to be V -continuous. In addition, if z is strongly V -continuous, we say that the economy E(z) is strongly V -continuous.
Remark 3
In the standard Arrow-Debreu model, the aggregate excess demand mapping z satisfies assumptions (i), (ii), (iii) and is continuous. Thus, from Part (i) of Proposition 2, for every mapping V :
, it is V -continuous and even strongly V -continuous. Consequently, our model is a generalization of the GE model. We will see in the next section that it is also a generalization of the GEI model. 3 The main existence result 3.1 The notion of approximated equilibrium
++ such that for every ∈ IN, rankV (p ) = k and such that the sequence (z(p )) ∈IN converges to 0.
Definition 6 For every V -continuous economy E(z), we let E(E(z)) be the set of full-rank equilibria of the economy, i.e.
and we let AE(E(z)) be the set of approximated equilibria of the economy, i.e.
The following proposition, whose proof is left to the reader, gives the link between full rank equilibria and equilibria :
Proposition 3 For every V -continuous economy E(z) one has
The main result
In the following, assume that V can be parameterized by a parameter λ in a Banach manifold M . More precisely let V : M × S L−1 + → M(m × k) be a smooth mapping and suppose that for every (λ,
In all the paper, if M is a Banach manifold (resp. a finite dimensional Euclidean space), we say that a property P λ , depending upon a parameter λ ∈ M , holds generically (or for generic λ ∈ M ) if there exists an open and dense subset M of M (resp. an open and full measure 12 subset M of M ) such that for every λ ∈ M , P λ is true.
Theorem 1 For generic λ ∈ M , every V λ -continuous economy E(z) admits an approximated equilibrium, or equivalently, AE(E(z)) = ∅.
Proof. The proof is given in the Appendix.2
Remark 4 This is the first existence result in an abstract GEI model where one does not require to be able to compute the excess demand z(p, E) for every price p and every abstract market subspace E. Besides, Theorem 1 can be seen as an alternative to the classical non-existence problem of an equilibrium in the standard GEI economy, which will be shown to be V -continuous, so that Theorem 1 could be applied to it. Moreover, the concept of approximated equilibrium may have the following economic interpretation : if p is an approximated equilibrium, it implies that there exists a sequence of prices p ∈ S L−1 ++ converging to p such that lim →∞ z(p ) = 0, which could be related to an economic adjustement process. Thus, p could be seen as the limit of this process, and it may be not an equilibrium if z is not continuous at p.
A drawback of Theorem 1 is that it does not allow to say, for a particular mapping V , if there exists an approximated equilibrium. This is the aim of the following definition and theorem :
Theorem 2 If V is regular then every V -continuous economy E(z) admits an approximated equilibrium, i.e. AE(E(z)) = ∅.
Proof. The proof is given in the Appendix. 2 
Application to the standard GEI model 3.4 The GEI model
In this section we consider the standard GEI model : it is characterized by an exchange economy with a finite number I of traders, two periods t = 0 and t = 1, and a positive number K of divisible goods available at each period. The uncertainty in period t = 1 is represented by S states of nature. Only one state happens and it is only known at the beginning of the period. For convenience, the unique state of nature (known with certainty) today (i.e., at t = 0) will be denoted s = 0. Hence, the number of commodities available either at t = 0 (with certainty) or at t = 1 (contingent on each of the finite number S of possible states of nature) is L := K(1 + S). Each trader is characterized by a utility function, from IR L ++ to IR, and an initial endowment in IR L ++ . At each state s = 0, 1, ..., S, there is a spot market for each of the K physical goods. In addition, we assume that there exist at time t = 0 financial markets for a positive number J ≤ S of assets. Given the normalized price p = (p(0), ..., p(S)) ∈ S L−1 + of the commodities, the asset j (j = 1, ..., J) can be bought at time t = 0 and delivers at time t = 1 a financial return V s,j (p) (in unit of account) if state s prevails. In the following, we denote by V (p) the S × J-matrix of returns at time t = 1 and for the price p, that is,
.
The axiomatized GEI model
Let now give an axiomatized description of the standard GEI model, considering the excess demand functions and the asset structure as the primitive concepts. Let G J (IR S ) be the set 13 of J-subspaces of IR S and G(IR
The following properties can be found, for example, in Duffie and Shaffer (1985) :
Definition 8 An economy in the GEI model, is defined by
..,J) and satisfying the following assumptions :
The link between this abstract aggregate excess demand Z and the standard aggregate excess demand z GEI : S
++ → IR L , defined by the utility maximization of the traders under their budget constraint, is the following equality :
It is wellknown that the excess demand z GEI may be discontinuous at every price p for which the rank of V (p) drops, i.e. on an uncountable subset of S L−1
++ . Yet, we will see in the next subsection that it defines a strong V -continuous economy.
The standard GEI economy is strongly V -continuous Proposition 4
The economy E(z GEI ) is a strongly V -continuous economy.
Proof. If we take k = J, m = S and V the asset structure of the GEI model described above, one only has to check that z GEI is strongly V -continuous, which can be found in the Appendix. 2 We now recall the definition of a pseudo-equilibrium of the standard GEI model 13 The appendix explains how G J (IR S ) is topologized. 14 Actually, the Economy her defined is slightly more general than the standard GEI model. For example, we do not require homogeneity property
If p ∈ E(E(z GEI )) then z GEI (p) = 0 and rank V (p) = J. Thus, from Equation (1), we have Z(p,Span V (p)) = 0, so that p ∈ P E(E(z GEI )). More precisely, we prove in the Appendix :
The generic case
Let first recall the notion of real asset. It is a contract which promises to deliver in each state s at time t = 1 a vector a j (s) ∈ IR K of the K commodities. The real asset j is thus characterized by an element
where t a j denotes the transposition of a j , summarizes the real financial structure of the model. Given a commodity price
Thus, M = M(KS × J) denotes the set of real asset structures, and we let
In this subsection, we suppose that z GEI is a smooth mapping upon the endowment vectors of the economy, denoted by e ∈ (IR L ++ )
I . Besides, we assume that it satisfies the standard following assumption : for every (p, E, e) ∈ S L−1
The classical existence result of Duffie and Shaffer (1985) says in particular that for generic endowment vectors e ∈ (IR L ++ ) I and real asset structure A ∈ M(KS × J), each pseudo-equilibrium is a full rank equilibrium and from Proposition 5, one obtains : Proposition 6 For generic endowments and real asset structures, one has :
Remark 5 A byproduct of this proposition together with Theorem 1 is the classical generic existence of an equilibrium in the standard GEI model. Remark 6 Thus, the concept of approximated equilibrium can advantagely replace the classical concept of pseudo-equilibrium. Indeed, by Proposition 6, it satisfies the same fundamental property of being generically an equilibrium. Proposition 5 shows that it is usually a finer concept. Anyway, one could not define the notion of Pseudo-equilibrium in our general framework. Besides, as we will see in the next section, the existence of an approximated equilibrium rests on a simple discontinuous extension of Brouwer's fixed point Theorem. Thus, up to this extension, obtaining the existence of an approximated equilibrium is not more difficult than to obtain the existence of an equilibrium in the standard Arrow-Debreu model 4 A discontinuous generalization of Brouwer's fixed point theorem and its variational form
A discontinuous generalization of Brouwer's fixed point theorem
Let B ⊂ IR n be the closed unit ball centered at 0. Brouwer's fixed point theorem says that every continuous mapping from B to B admits a fixed point. The aim of this section is to give a discontinuous generalization of this theorem, in order to prove Theorem 1 and Theorem 2, stated in the previous section. We will present our fixed point theorem independently of the economic motivation, since it may be useful in many other contexts. Let n, m and k three positive integers such that k ≤ m. In the following, M(m × k) denotes the set of matrices with m rows and k columns.
Definition 10 Let V : B → M(m × k). The mapping f : B → B is said to be V -continuous if for every convergent sequence (x ) ∈IN of elements of {x ∈ B |rankV (x) = k} such that the sequence (SpanV (x )) ∈IN is convergent 15 , then (f (x l )) ∈IN converges.
Remark 7 This is a partial continuity assumption. For example, if we let n = m, k = 1, and V (x) = (x), then a V -continuous mapping is continuous on B\{0} but may be not continuous at 0. More precisely, in this particular case, V -continuity at 0 can be translated as follows : if (x ) ∈IN in a sequence in B\{0} converging 15 for the Hausdorff distance d H defined on the set of k-subspaces of IR m . It is defined as follows : let B be the closed unit ball of IR m and let E and F be two k-subspaces of IR m . F ∩ B) ) denotes the distance between x and the compact set E ∩ B (resp. the compact set F ∩ B).
to 0 tangentially to a straight line, then (f (x )) ∈IN is convergent. For example, for n = 2, the mapping f : B → B defined by f (0, 0) = (0, 0) and
is V -continuous, and it is clearly not continuous at 0. Remark 8 If f is continuous, then f is V -continuous. Besides, it is easy to see that if V is continuous and if f is V -continuous then f is continuous on the subset {x ∈ B |rankV (x) = k}.
Let now define the notion of approximated fixed point :
Definition 11 Let f : B → B be a mapping. The pointx ∈ B is said to be an approximated fixed point of f if there is a sequence (x ) ∈IN in {x ∈ B |rankV (x) = k} converging tox and such that lim →+∞ f (x ) =x.
Remark 9 If f is continuous, then an approximated fixed point of f is clearly a fixed point of f .
In the following, let M be a Banach manifold, let V : M × B → M(m × k) be a smooth mapping and suppose that for every (λ,
In all the paper, if M is a Banach manifold (resp. a finite dimensional Euclidean space), we say that a property P λ , depending upon a parameter λ ∈ M , holds generically (or for generic λ ∈ M ) if there exists an open and dense subset M of M (resp. an open and full measure 16 subset M of M ) such that for every λ ∈ M , P λ is true.
Our discontinuous generalization of Brouwer's theorem can now be stated :
Theorem 3 For generic λ ∈ M , every V λ -continuous mapping f : B → B admits an approximated fixed point.
The following theorem shows that for some particular mappings V , it is possible to obtain a non generic version of Theorem 3 :
Theorem 4 Let V : B → M(m × k) be a smooth mapping such that for every x ∈ B satisfying rankV (x) < k, we have rankDV (x) = mk. If f : B → B is a V -continuous mapping, then f admits an approximated fixed pointx ∈ B.
Variational form of Theorem 3
Given a subset K of IR n , the Bouligand contingent cone T K (x) to K at x ∈ K is defined by
16 for the Lesbegue measure on M .
When K is a convex subset of IR n then T K (x) can be written
A vector field on K is a mapping z : K → IR n such that for every x ∈ K, z(x) ∈ T K (x). If K and K are two submanifolds of IR n and h : K → K a smooth diffeomorphism, one can define the vector field z on K by
It is well known that Brouwer's fixed point Theorem is equivalent to saying that every continuous vector field on S 
→ IR
n is bounded on the set {x ∈ S n−1 + |rankV (x) = k}.
Proof. If not, there exists a sequence (x ) ∈IN of {x ∈ S n−1 + |rankV (x) = k} converging tox ∈ S n−1 + such that lim →+∞ z(x ) = +∞. Since G k (IR m ), the set of k-subspaces of IR m , is a compact manifold, there exists a subsequence of the sequence (SpanV (x )) ∈IN that converges. From the V -continuity of z, it implies that there exists a subsequence of (z(x )) ∈IN that converges, which contradicts lim →+∞ z(x ) = +∞.2 
n admits an approximated equilibriumx ∈ S n−1
i ≤ 1, x n = 0} and let g : B → S n−1 + be a smooth diffeomorphism (which clearly exists). Let f : B → B be defined by
).
We will prove that one can apply Theorem 3 to f (see Claim 1 and Claim 2 below) and that ifx ∈ B is an approximated fixed-point of f then g(x) is an approximated equilibrium of z (Claim 3).
Claim 1 For every
Claim 2 For every λ ∈ M, if the mapping z is V λ -continuous then the mapping f is V λ -continuous.
Proof. Let λ ∈ M , and let suppose that z : S n−1 + → IR n is V λ -continuous. To prove that f : B → B is V λ -continuous, let (x ) ∈IN be a sequence of elements of {x ∈ B |rankV (λ, x) = k} such that the sequence (SpanV (λ, x )) ∈IN is convergent. We have to prove that (f (x )) ∈IN converges. From the definition of V , for every ∈ IN, rankV (λ, g(x )) = k and (SpanV (λ, g(x ))) ∈IN converges. For every ∈ IN, let y = g(x ). It is clearly a convergent sequence, and from the V λ -continuity of z, the sequence (z(y )) ∈IN converges, i.e. z(g(x )) converges. Thus, from the definition of f , the continuity of g −1 and the continuity of the projection on a convex subset of IR n , the sequence (f (x l )) ∈IN converges.2
Claim 3 For every λ ∈ M , Ifx ∈ B is an approximated fixed point of f then g(x) is an approximated equilibrium of the strongly inward V -continuous vector field z :
Proof. Letx ∈ B be an approximated fixed point of f . Thus, there exists a sequence (x ) ∈IN in B, converging tox, such that for every ∈ IN, rankV'(λ, x ) = k and such that u := f (x ) − x converges to 0 when tends to +∞. Thus, from the definition of V (λ, .), for every ∈ IN we have rankV(λ, g(x )) = k. From the characterization of the projection on a convex subset of IR n , for every y ∈ B and x ∈ IR n , one has < y−proj B (x), x−proj B (x) >≤ 0. Taking
) in the previous inequality and from f (x ) = u + x , one obtains, for every ∈ IN and for every y ∈ B :
Now, since z is a vector field and g is a smooth diffeomorphism, one has
Moreover, since for every ∈ IN, rankV (λ, g(x )) = k, from Lemma 1, the sequence (z(g(x )) ∈IN is bounded. Thus, without any loss of generality, one can suppose that it converges to τ ∈ IR n , and from the strong inwardness of z, one has τ ∈ T S
Consequently, from the definition of the contingent cone of B atx, for every > 0, there exists ν > 0 and x ∈ B such that
Thus, for large enough, one has :
Taking y = x in Equation 2 and multiplying it by ν > 0, one obtains :
We have seen that the sequence (z(g(x )) ∈IN is bounded. Thus, the sequence
, Inequation 5 and Schwarz inequality one has for large enough :
So, from Equation 4, one obtains for large enough :
Hence, since the sequence (u ) ∈IN converges to 0, for large enough, one has :
which proves that the sequence (D g(x ) g −1 • z(g(x ))) ∈IN converges to 0. Consequently, the sequence (z (g(x ) )) ∈IN converges to 0. Recalling that the sequence (g(x ) ) ∈IN of B converges to g(x) and that for every ∈ IN, rankV(λ, g(x )) = k, this ends the proof of Claim 3.2 Now, let us finish the proof of Theorem 5. From Claim 1 and Theorem 3, if f is V λ -continuous then it admits an approximated fixed-point for generic λ. But from Claim 2, if z is V λ -continuous then f is V λ -continuous. Thus, for generic λ, if z is V λ -continuous then f admits an approximated fixed-point, thus, from Claim 3, z admits an approximated equilibrium.2
Similarly, on obtains from Theorem 4
n is a strongly inward V -continuous vector field then there exists an approximated equilibriumx ∈ S n−1 + of z.
Proof. The proof is similar. We only have to notice, to adapt Claim 1 to this new setting, that for every (λ, x) ∈ M × S n−1 + such that rank DV (λ, x) = mk then rank DV (λ, g −1 (x)) = mk. Indeed, g is a smooth diffeomorphism. 
is defined by π(x 1 , ..., x k ) = Span{x 1 , ..., x k }.
One can then prove that the set G k (IR m ), equipped with this topology, is a compact smooth k(m − k)-manifold, and that π is smooth. Besides, there exists a metric on G k (IR m ) (denoted here d H ), compatible with the topology defined above, that can be directly defined by : 
(e.g., Milnor, 1974 , p.55-71).
Proof of Proposition 1
Let first suppose that f is V -continuous. Let (p ) ∈IN be a convergent (in S ++ |rank V (p) = k}, equipped with δ, and let us prove that it is convergent. Now recall that IR L and G k (IR m ) are complete metric spaces (G k (IR m ) is a compact metric space). Consequently, from the definition of δ, it is clear that (p ) ∈IN is a cauchy sequence of K, thus is convergent, and that (SpanV (p )) ∈IN is a cauchy sequence of G k (IR m ), thus is convergent. Hence, the sequence (f (p )) ∈IN converges, which ends the proof.2
Proof of Proposition 2.
Proof of statement (i). Left to the reader. Proof of statement (ii). Let suppose that V :
++ such that rankV (p) = k, and let (p ) ∈IN be a sequence in S L−1 ++ converging top. From the continuity of V , the set {p ∈ S L−1
++ . Thus, there exists L ∈ IN such that for every ≥ L, rangV (p ) = k. Then notice that from the definition (see Section 5.1.) of the topology of G k (IR m ), the mapping ++ |rankV (p) = k} for large enough, by ∀ ∈ IN, q 2 = p and q 2 +1 =p.
Since (q ,SpanV (q )) ∈IN converges, and from the V -continuity of f , the sequence (f (q )) ∈IN converges, which clearly proves that (f (p )) ∈IN converges to f (p) and ends the proof of Claim 1.
Proof of Proposition 4
The mapping z clearly satisfies the assumption (i), (ii) and (iii) of Section 2. Thus, we only have to prove that z is strongly V -continuous.
, with j ≤ J. We want to prove that z(p ) = Z(p ,SpanV (p )) converges, which is a consequence of the continuity of the restriction of Z to S L−1
and of the convergence of (p ,SpanV (p )) ∈IN .
Proof of Proposition 5
The first inclusion
++ be an approximated equilibrium of z GEI , and (p ) ∈IN be a sequence of S L−1 ++ converging to p such that for every ∈ IN, rankV (p ) = J and such that (z GEI (p )) ∈IN converges to 0. Notice that since z GEI blows up at the boundary of the price set, one has p ∈ S L−1 ++ . Let then recall that from Equation (1), we have
From the compactness of G J (IR S ), there exists a subsequence of (SpanV (p )) ∈IN converging to E ∈ G J (IR S ). Now, from the continuity of the restriction of Z to S L−1
Then let denote, for every ∈ IN, E =Span V (p ) and let define the mapping
Let notice that for every ∈ IN, we have H(p , E ) = 0. Consequently, from the continuity of H, one obtains, passing to the limit (up to an extraction) in this equality, H(p, E) = 0, which means
Thus, from Equations 9 and 10, p ∈ P E(E(z GEI )).2
Proof of Theorem 1 and Theorem 2
The proofs rests on Theorem 5 and 6. To prove Theorem 1 [resp. Theorem 2] let E(z) be a V λ -continuous economy [resp. a V -continuous economy]. Now, let definez : 
Proof of Theorem 3 and Theorem 4
Let introduce the set
and for ρ ∈ [0, k], the set
Let first prove the two following lemmas :
Lemma 2 Let V : B → M(m × k) and suppose that for every x ∈ B such that rankV (x) < k, we have rankDV (x) = mk. Then :
i) The setB is a smooth n-submanifold of int(B) × G k (IR m ).
ii) For every ρ ∈ [0, k], the setB ρ is a smooth (n − ρ 2 )-submanifold
iii) IfB 0 denotes the closure ofB 0 in int(B) × G k (IR m ) then one hasB 0 =B.
17 with the following convention : if l < 0, then a l-manifold is the empty set.
For stating the second lemma, let M be a Banach manifold and V : M × B → M(m × k) be a smooth mapping. For each λ ∈ M , let define V λ : B → M(m × k) by V λ (x) = V (λ, x) for every x ∈ B, and introduce the set
Lemma 3 Let us suppose that for every (λ,
iii) IfB λ,0 denotes the closure ofB λ,0 in int(B)×G k (IR m ) then one hasB λ,0 =B λ .
Proof of the first statement (i) of Lemma 2
Let A be the
, and let define
Let then define the mapping
where V 1 (x), ..., V k (x) are the columns of V (x), and the mappings : A → F by
Observe that F is a smooth (n + 2k(m − k))-manifold, that F 0 is a smooth (n + k(m − k))-submanifold of F and that s ands are smooth mappings. Besides, one hasB =s −1 (F 0 ).
In order to prove thatB is a smooth manifold, we will prove that it is a smooth submanifold of the smooth manifold A. Let (x,Ē) ∈B.
First case : rankV (x) = k Since V is continuous, there exists an open neighborhood Ux ⊂ int(B) ofx such that for every x ∈ Ux, rankV (x) = k. Thus, the mapping φ : Ux →B defined by
is a smooth diffeomorphism from Ux to a neighborhood of (x,Ē) inB. Hence,B is a smooth submanifold of A in a neighborhood of (x,Ē).
Second case : rankV (x) = k − ρ, where 0 < ρ ≤ k In order to apply the Implicit Function Theorem tos at (x,Ē), let prove that the mappings is transverse to F 0 at (x,Ē). Let x = (x,Ē). Since x ∈B we havē s(x ) = (x , 0). Thus, the transversality condition that we want to prove can be written :
Thus, Equation (1) is equivalent to
Therefore, from the rank theorem, Equation (1) is equivalent to
To prove this last inequality, notice that one has
where g is the linear mapping from M(m × k) to (Ē ⊥ ) k defined by
We clearly have dim Spang = k(m − k). Thus, from this equality, from dim Span Ds(x ) ≥dim Span D x s(x ) and from the ontoness of DV (x), we finally obtain the inequality and so the transversality condition. Now, from the Implicit Function Theorem (e.g., Hirsch, 1994, p. 22 ) applied tos at (x,Ē),B =s −1 (F 0 ) is, in a neighborhood of (x,Ē), a smooth submanifold of A and its dimension is
This ends the proof of the first statement of Lemma 2.
Proof of the first statement (i) of Lemma 3
Let define A, F and F 0 as above. Let define the mapping
where V λ,1 (x), ..., V λ,k (x) are the columns of V λ (x), and the mappings :
For each λ ∈ M , let s λ (.) = s(λ, .) ands λ (.) =s(λ, .) As above, notice thatB λ =s
. In order to prove that for generic λ ∈ M , B λ is a manifold, let prove that for generic λ ∈ M ,s λ is transverse to the manifold F 0 . From a parametric transversality theorem (e.g., Tromba, 1994, p.48), it suffices to prove thats is transverse to F 0 i.e. to prove that for every (λ, x ) ∈ M ×A such thats(λ, x ) = (0, λ, x ) then we have :
and from the definition of s, this last subset can also be written
Thus the transversality condition (1') is true. Consequently, from a parametric transversality theorem (e.g., Elworthy and Tromba, 1968, p.48), for generic λ ∈ M ,s λ is transverse to the manifold F 0 . Thus, from the Implicit Function Theorem (see, for example, Hirsch (1994) p. 22) applied tos λ at (x,Ē), for generic λ,B λ =s
is a smooth submanifold ofA and its dimension is
Proof of the second statement (ii) of Lemma 2
First step : let prove that for every ρ = 0, ..., k, the set {x ∈ int(B) |rankV (x) = k −ρ} is a smooth (n−ρ(m−k +ρ))-submanifold 18 of int(B). From the continuity of V , this is obvious for k = 0. Now, let ρ ∈ [1, k] and letx ∈ int(B) such that rank V (x) = k − ρ. Without any loss of generality, we may suppose that
where M (x) is a (k − ρ) × (k − ρ) invertible matrix. From the continuity of the mapping V , there exists an open neighborhood ofx, denoted O(x) ⊂ int(B), such that for every x ∈ O(x), the matrix M (x) is invertible. Now notice that for every x ∈ O(x), we have
which proves that
have the same rank for every x ∈ O(x). Then, let define g :
Since for every x ∈ O(x), rankM (x) = k − ρ, we have
Now, by assumption, for every x ∈ g −1 (0), DV (x) is onto. Thus it is clear that for every x ∈ g −1 (0), Dg(x) is onto, and consequently 0 is a regular value of g. Thus, from the Implicit Function Theorem (see, for example, Hirsch (1994) 
, which ends the first step.
Second step : let define, for every ρ = 0, ..., k,
Observe that the mapping
is a smooth diffeomorphism. Besides,B ρ is a fiber bundle : its basis is the smooth
and its fiber at x is the smooth
, and finally, sincẽ
, which ends the proof of Statement ii) of Lemma 2.
Proof of the second statement (ii) of Lemma 3
First step : Similarly to the first step of the proof of the second statement of Lemma 2, let prove that for generic λ ∈ M , for every ρ = 0, ..., k, the set {x ∈ int(B) |rankV λ (x) = k − ρ} is a smooth (n − ρ(m − k + ρ))-submanifold. It is wellknown that for every ρ ∈ {0, ..., k}, the set
Besides, since for every (λ, x) ∈ M × A, rank DV λ (λ, x) = mk, the mapping V is transverse to M k−ρ (m × k). Thus, from a parametric transversality theorem (see Elworthy and Tromba (1968) 
Step is exactly the same as the second Step of the proof of Lemma 2.
Proof of the third statement of Lemma 2 and 3
From the two first statements of Lemma 2, we know that for every ρ = 0, ..., k, the setB ρ is a smooth (n − ρ 2 )-submanifold of the n−manifold int(B) × G k (IR m ), and thatB is a n-submanifold of int(B)×G k (IR m ). Thus, fromB =B 0 ∪(∪ k ρ=1B ρ ), we obtainB 0 =B which ends the proof of Lemma 2. The proof of Lemma 3 is the same.
To end the proof of Theorem 3 and Theorem 4, let suppose that Properties i), ii) and iii) of Lemma 2 are true (which is always true if the assumption of Theorem 3 holds, and is true for generic λ ∈ M if the assumption of Theorem 3 holds.)
We now define a mappingf :B → B as follows : let (x, E) ∈B ; from B 0 =B, there exists a sequence (x n ,SpanV (x n )) inB 0 converging to (x, E). We then definef (x, E) = lim n→+∞ f (x n ).
One can then prove the following lemma :
Lemma 4 The mappingf is well defined (i.e. the previous construction does not depend upon the choice of the sequence (x n ,SpanV (x n ))) and is continous.
Proof of Lemma 4. The previous construction does not depend upon the choice of the sequence (x n ,SpanV (x n )) from the following Claim :
Claim 3 Let f : B → B be a V -continuous mapping. If (x n ,SpanV (x n )) and (y n ,SpanV (y n )) are two sequences in B V × G k (IR m ) converging to (x, E) ∈ B × G k (IR m ), then f (x n ) and f (y n ) converge to the same limit. Proof of Claim 3. Let define the sequence z n in B V × G k (IR m ) by ∀n ∈ IN, z 2n = x n and z 2n+1 = y n .
Then (z n ,SpanV (z n )) converges to (x, E), and from the V -continuity of f , the sequence f (z n ) converges, which clearly ends the proof of Claim 3. Now, let prove thatf is continuous. Let d H be the Hausdorff distance on G k (IR m ) and δ the metric onB, defined by ∀((x, E), (x , E )) ∈B ×B, δ ((x, E), (x , E )) = x − x + d H (E, E ).
Let consider (x, E) ∈B and (x n , E n ), a sequence inB converging to (x, E). Let prove thatf (x n , E n ) converges tof (x, E). From the definition off and from B 0 =B, for every integer n ∈ IN, there exists (y n ,SpanV (y n )) inB 0 such that δ ((x n , E n ), (y n , Span V (y n ))) ≤ 1 n
and f (x n , E n ) − f (y n ) ≤ 1 n
From Equation 11, the sequence (y n , Span V (y n ))) converges to (x, E), and so, from the definition off , we havef (x, E) =lim n→+∞ f (y n ). Thus, from Equation 12, we obtain lim n→+∞f (x n , E n ) =f (x, E) which ends the proof of Lemma 4 V 1 (x) , ..., proj E ⊥ V k (x)), we have (x, E) ∈B, and since for every n ∈ IN, x n < 1− , we have x ≤ 1− .
We will now prove that there exists (x, E) ∈B 1− such that f (x, E) − x ≤ . From the smoothness off |B1− , the mapping H is smooth, and from the emptiness of the set {(x, E) ∈B 1− | f (x, E) − x ≤ } and the fact that for every (x, E) ∈B,f (x, E) ∈ B, one has the following lemma :
Proof of Lemma 5. Suppose on the contrary that there exists a sequence (t n , x n , E n ) in H −1 (0) with no subsequence that converges in [0, 1] ×B 1− . Since [0, 1] and G k (IR m ) are compact, and since H is continuous on [0, 1] ×B 1− , this implies that the real sequence x n converges to 1-. Extracting a subsequence from the sequence (t n , x n , E n ), one can suppose that this sequence converges to an element (t, x, E) ∈ [0, 1] × B × G k (IR m ) with x = 1 − . From (x n , E n ) ∈B
1−
for every n ∈ IN, we obtain (x, E) ∈B 1− . Besides, since for every n ∈ IN, H(t n , x n , E n ) = 0, and from the continuity off onB, one obtains 0 = (1 − t)((1 − )f (x, E) − x) − t(x −x).
Then notice that t = 1, because x = 1 − and x < 1 − . Thus, one can write :f (x, E) = x − tx (1 − )(1 − t) .
Now notice that t = 0, because we have supposed that {(x, E) ∈B 1− | f (x, E)− x ≤ } is empty. Hence, from x < 1 − and from a triangle inequality, one has : f (x, E) ≥ x − t x (1 − t)(1 − ) > (1 − t)(1 − ) (1 − t)(1 − ) = 1.
But from the definition off , we havef (x, E) ∈ B which is a contradiction. This ends the proof of Lemma 5
Now, notice that 0 is a regular value of H(0, ., .) and of H(1, ., .) 19 , two mappings from the smooth n-manifoldB 1− to IR n , that H(0, ., .) has no zero onB 1− and that H(1, ., .) has one zero (x,SpanV (x)) inB 1− , with DH(1, ., .)(x,SpanV (x)) bijective. Thus, one can classically define the degree (modulo 2) of these mappings (see, for example, Hirsch (1994) ) 20 , and we have Besides, one can see that the homotopy invariance of degree (modulo 2) must be true 21 for homotopies verifying the condition of Lemma 5, thus we obtain 0 = 1, a contradiction. This finally proves, in the case wheref |B1− is smooth, that there exists (x, E) ∈ B 1− such that f (x, E) − x ≤ . * , there exists a smooth mapping f n :B → IR n such that max (x,E)∈B 1− f n (x, E) −f (x, E) ≤ 1 n (4).
